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Abstract 

I construct an isotropic, gauge invariant monopole condensate in SU (2) 
QCD. It provides a suitable, gauge-invariant vacuum for the dual-Meissner 
effect to provide QCD colour confinement without violating the isotropy 
of real space. 

One of the most outstanding problems in theoretical physics is the 
confinement problem in quantum chromodynamics (QCD). It has long 
been argued that monopole condensation can explain the confinement of 
color through the dual Meissner effect |T] [2j [3] . A magnetic condensate 
was first argued to be energetically favourable by Savvidy [3] , but Nielsen 
and Olesen soon found an unstable mode for such a background [5]. This 
led some to consider variations such as the 'spaghetti' vacuum which does 
indeed lower the energy to below that of the Savvidy vacuum [B] but 
whose construction requires the Nielsen and Olesen instability. The plot 
thickens with other, more recent work 7 8, 9, 10 , 1111 IT2] arguing that the 
Savvidy vacuum is stable and that the apparent instability of Nielsen and 
Olesen is an artifact of the quadratic approximation [13| . Of course, not 
all such papers have argued in these exact words. Cho et.al. have used 
subtle causality and other arguments [3] [5] , while Kondo Q2] has argued 
that the condensate spontaneously generates a gluon mass to remove the 
instability. 

Identifying the form of the monopole condensate in QCD and proving 
its stability has proved to be a very difficult task [71 [9l 1121 114] . The first, 
and still most widely considered construction of the magnetic condensate 
by Savvidy [2] contains some real deficiences. These include, lack of gauge 
invariance since the Savvidy vacuum selects the internal £3 direction, real 
space anisotropy since it selects the z direction in real space, and its 
inability to specify that the magnetic background is due to monopoles. 

The first and last of these deficiences are solved by the Cho-Faddeev- 
Niemi-Shabanov (CFNS) decomposition, which I quickly review now [2][3]. 
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There is a gauge-independent decomposition of the gauge potential 
into the restricted potential A^ and the valence potential [21 [31 1151 
116] . Let h be the unit isovector which selects the color charge direction 
everywhere in space-time, and let [2] [3] 

A,j. = A^n — ~n x d^n + X M = A^ + X M , 

(A„ = n-l M , n 2 = 1, n-X M = 0), (1) 

where A^ is the "electric" potential. Notice that the restricted potential 
A/j, is precisely the connection which leaves h invariant under parallel 
transport, 

Dph = dfj.fi + gAfj x n = 0. (2) 

This paper is only concerned with SU(2) but the generalisation to arbi- 
trary numbers of colours has been done [171 1181 119] . Under the infinitesi- 
mal gauge transformation 

Sh = — a x n , SAfj — —D^a, (3) 

one has 

SA^ = in • dfjd, SA^ = ~ 

SXfj = -axXfj. (4) 

This tells that Af L by itself describes an SU (2) connection which enjoys the 
full SU(2) gauge degrees of freedom. Furthermore the valence potential 
Xfj forms a gauge covariant vector field under the gauge transformation. 

The important thing for this article is that the decomposition is gauge 
independent. Once the gauge covariant topological field h is chosen, the 
decomposition follows automatically, regardless of the choice of gauge [2j 
[3]. Furthermore, j4 m retains all the essential topological characteristics 
of the original non-Abelian potential. Clearly h defines TV2(S 2 ) which 
describes the non-Abelian monopoles [201 121] , and characterizes the Hopf 
invariant ^(S 2 ) ~ ^(S 3 ) which describes the topologically distinct vacua 

up. 

Afj has a dual structure, 

Ffj V = dfj.Au - d v Afj + gA^ x A v = (F^ + H^ii, 
Ffjv = 3fjA v OuAfj : 

= —in ■ {dfjfi x d v fi), (5) 

One can identify the non-Abelian monopole potential by 

Bfj = — —h x dfjh, (6) 

in terms of which the magnetic field is expressed by 

Hfjj, = dfjB v - d v Bfj + gBfj x B v = H^n. (7) 
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This provides the gauge independent separation of the monopole field 
from the color electromagnetic field F^ v . 

This just leaves the issue of isotropy invariance. The QCD vacuum 
should be isotropy invariant and this could be seen as another argument 
for the spaghetti vacuum with its magnetic flux lines running every which 
way. The purpose of this note is to construct a stable isotropic monopole 
condensate. 

The field at any given point resulting from the CFNS construction 
can always be Lorentz transformed to a pure magnetic field [2] because 
of its monopole origin, just as that due to electric charges can always be 
Lorentz transformed to a purely electrical one. I therefore work in such 
a reference frame from the outset and take all Hou = 0. Considering a 
magnetic background of the form 

Hij = £ijkn k H, (8) 

where 

H = n p ei mp dih x d m n (9) 

is the magnitude of the field strength. This is essentially a hedgehog 
monopole solution because the direction in real space has been linked 
with the direction in the internal space. The important thing for the 
purpose of this paper however is that if the monopole field is non-zero 
then its direction in real space must vary continuously. In this way it 
achieves isotropy in the same way it achieves gauge invariance. Note 
that while both these degrees of freedom are no longer fixed as in the 
conventional Savvidy vacuum, they are now linked so there is still some 
loss of freedom. This is in fact desirable since it guarantees that travelling 
around a closed loop in real space leaves the field in the same internal 
direction, as required for a well-defined field. Finally, we know that such 
a background field configuration mathematically exists because it is locally 
the Savvidy vacuum everywhere in spacetime. 

The construction may be criticised for lacking complete Lorentz in- 
variance. It is tempting to speculate that the physical vacuum is a su- 
perposition of such vacuum states, each Lorentz transformed to its own 
preferred frame. However, while the electric and magnetic components 
of an electromagnetic field can be found by observing the trajectories of 
three or more charged particles, such a measurement is not feasible in 
QCD whose colour charges are both confined and bound, so it is not clear 
that one could actually determine a preferred reference frame. It is also 
worth remembering that the main interest of these studies is confinement 
via the dual superconductor mechanism, and this depends only on the 
magnitude of the field strength, which is Lorentz invariant. 

The greatest deficiency in the author's view is that it is not easily 
adapted to three-colour QCD. The importance of this is obvious. An 
examination of SU(3) hedgehog solutions is the obvious place to start 
looking. 

I have argued for the existence of a stable, isotropic Savvidy-like vac- 
uum capable of causing confinement via the dual superconductor mecha- 
nism in two-colour QCD. Attempts to generalise this to three-colour QCD 
are ongoing. 
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